Abstract. Let k be an algebraically closed field. For every affine variety X with dim X ≥ 7 we construct a smooth affine variety Y which is birationally equivalent to X and which possesses a stably trivial but not trivial algebraic vector bundle. We give some application of this fact to the cancellation problem.
Introduction
Let k be an algebraically closed field and let X be a smooth affine variety over k. If dim X ≤ 2, then there is no non-trivial and stably trivial algebraic vector bundle on it. Moreover, there are only few examples of such vector bundles in the general case (see [13] , [14] , [12] ). Here we deal with the question of whether such algebraic vector bundles can exist on a sufficiently general affine variety. We show that for every affine variety X with dim X ≥ 7, there exists a smooth affine variety Y which is birationally equivalent to X and which possesses a stably trivial but not trivial algebraic vector bundle.
We apply this result to the cancellation problem. Let us recall that an affine variety X has the cancellation property (CP) if for every affine variety Y , if X ×k ∼ = Y × k, then X ∼ = Y (see e.g. [1] , [3] , [4] , [5] , [6] , [11] ). Let X be an affine variety over k with dim X ≥ 7. We show that there exists a smooth affine variety X , which is birationally equivalent to X, such that the variety X × k 2 does not have CP.
Preliminaries
Let X be an affine variety (which is assumed to be irreducible) over k and let R = k[X] be the ring of regular functions on X (by k(X) we denote the field of rational functions on X). Let us recall some basic facts about algebraic vector bundles over X, which we identify with finitely generated projective R-modules. We say that an algebraic vector bundle F is stably trivial (of type t) if 
. This is equivalent to the fact that f 1 , . . . , f r have no common zeros on X. A unimodular row f = (f 1 , . . . , f r ) ∈ R r determines uniquely a vector bundle
Construction
We start with the following nice classical example of Raynaud (see [13] for k = C and [14] for an arbitrary field k):
.
Then the stably free submodule of R n given by the unimodular row (x 1 , . . . , x n ) is not free.
In the sequel the following result will be useful (for the proof see [8] , Proposition 21): 
We also need the following stronger version of a result from [7] : 
In particular if F is not trivial, then neither is F .
Proof. Let F ⊕ E t = E n . Hence F is the kernel of some epimorphism
where
be extensions of the functions f ij and a ij to X.
Consider the following morphism of vector bundles on X:
i.e., ker Φ is a stably trivial vector bundle of type t on U. Since Φ| U = φ we have ker Φ| U = ker φ. Put F = ker Φ. Now it is enough to show that we can shrink U to get U affine. Indeed let
Since W ∩ Z = ∅ we can glue these mappings to one map f : Z ∪ W → k n . By Theorem 3.2 we can extend a finite mapping f to a finite mapping F :
Now we are ready to prove: Proof. We can assume that X is smooth. Take a point x ∈ X. We can assume (after shrinking X if necessary) that there are functions {f 1 , .
, which form a system of local coordinates at x and additionally V (f 1 , ..., f n ) = {x}. Let us blow up the ideal I = (f 1 , ..., f n ). We obtain a quasiprojective variety X ⊂ X × P n−1 birationally equivalent to X. Moreover, X contains a subvariety
. Then Y is an affine variety birationally equivalent to X which contains a subvariety isomorphic to k n−1 . Since n ≥ 7 we can embed into
By Example 3.1 on Z there is a stably trivial but non-trivial algebraic vector bundle F (of type 1 and rank 2). By Theorem 3.3 we can extend this bundle to an open affine neighborhood Y ⊂ Y of Z. Of course Y is birationally equivalent to Y , hence also birationally equivalent to X.
We also have a more direct application of the Raynaud example: Proof. It is easy to check that Y is a smooth variety. Now choose z = z 0 such that g(z 0 ) = 0. Then the bundle F restricted to the variety X ∩ ({z 0 } × k n × k n ) is the Raynaud vector bundle, hence it is non-trivial. Hence F is non-trivial, too. Remark 3.6. Let us note that for m = 1 and g = z(z − 1) we obtain the MohanKumar-Nori example; see [12] .
Application to the cancellation problem
In this section we apply our result to the cancellation problem. Let us recall the definition of a k-uniruled variety. First recall that a polynomial curve in X is the image of the affine line A 1 (k) under a non-constant morphism φ : A 1 (k) → X. Moreover, a family F of polynomial curves on X is called bounded if there exists an embedding i : X ⊂ k N and a natural number D such that every curve Γ a ∈ F has degree less than or equal to D in k N . It is easy to see that the definition of bounded family does not depend on an embedding i : X → k N . Now we have the following: Definition 4.1 (see [9] ). An affine variety X is said to be k-uniruled if it is of dimension ≥ 1 and there is a bounded family F of polynomial curves such that for every point x ∈ X there is a curve l x ∈ F going through x.
The k-uniruled varieties can be characterized in a following way (see [9] 1) there is a bounded family F of affine polynomial curves, such that for every point x ∈ X there is a curve l x ∈ F going through x; 2) there is an open, non-empty subset U ⊂ X and a bounded family F of affine polynomial curves such that for every point x ∈ U there is a curve l x ∈ F going through x;
3) there is an affine variety W of dimension dim X − 1 and a polynomial dominant mapping φ :
We have the following important examples of non-k-uniruled varieties (see [7] ):
is not k-uniruled. In the sequel we need the following theorem, which was proved in [7] : Remark 4.5. In [7] the definition of k-uniruledness is slightly different than in our paper; however it is easy to check that all proofs in [7] work in our situation as well.
Now we are in a position to prove: Theorem 4.6. Let X be an affine variety of with dim X ≥ 7. There exists a smooth affine variety X which is birationally equivalent to X such that the variety X × k 2 does not have CP.
Proof. By Theorem 3.4 there exists a smooth affine variety Y which is birationally equivalent to X and which possesses a stably trivial but non-trivial algebraic vector bundle F of type 1 and rank 2. Moreover, the bundle F is not trivial on some proper closed subset Z of dimension smaller than n = dim Y. We show that we can find a Zariski open affine neighborhood U of Z which is nonk-uniruled. Indeed, there is a finite mapping f : Z → k n−1 × {1}. By Theorem 3.2 we can extend this mapping to a finite map F : Y → k n . Consider the variety X(x n ) = {x ∈ k n : x n = 0, 1 + x i (x n − 1) = 0 for i = 1, . . . , n}.
By Proposition 4.3 it is not k-uniruled. This also implies that the variety X = F −1 (X(x n )) [which is birationally equivalent to Y, hence also to X] is not kuniruled. By construction it contains Z; in particular the vector bundle F = F| X is not trivial on X . Now by Theorem 4.4 the variety X × k 2 does not have CP. K(x, y) , where x, y are elements algebraically independent over K.
